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1.3

Introduction to FEM 1

Why FEM?

Real life structures are too complex to analyze them analytically. Therefore, certain methods are used to
simplify structural analysis. One of these methods is FEII.

In the end, one want to predict the behavior of a structure. This can be done by:

@ Testing
(2) Modeling

Modeling is generally cheaper and faster.

Characteristics of FEM

Taking a cantilever beam as an example, one can find the differential equation:
d? M
dx? EI
This DE needs to be solved for equilibrium. This can be done through conservation of energy. The DE is
supported by initial and/or boundary conditions, such as:

viex=0)=0 (1.2)
Z—Z(m =0)= (1.3)

An exact solution is possible for simple problems, or with assumptions such as Euler-Bernoulli.

Numerical solutions exist for all problems, with different assumptions, through methods like finite difference or
finite element.

Assumption: the behavior is at the nodes. Continuity joins together all nodes in a problem. Disadvantage of
concrete methods is the fact that it results in errors.

FEM basic principle:
@ Split structure
@ Assume displacement shape

@ Determine displacement of each node

The second assumption for the shape function is very important.

FEM Steps and Formulation

In general:

@ Pre-processing

@ Processing

@ Post-processing
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L1: Introduction to FEM 1

- Pre-processing

Setting up the problem.

The necessary assumptions are extremely important. Linear models: not large displacements, or material
dependencies or nonlinear behavior. Hooke’s law is applicable.

Discretization

Dividing the continuum structure

Idealization

Select dimensionality (1D, 2D, 3D), and select the element behavior (axial translation, transverse trans-
lation, rotation)

Equilibrium of Each Element

Assemble the Whole System

Determine the total stiffness matrix, making use of the connectivity matrix

Apply

Application of loads and boundary conditions

- Processing

Solving the problem.

Solve the Equilibrium System

- Post-processing

Some problems require derived results. As an example, the displacement can be used to get the strain or stress.

Assumptions made during pre-processing need to be checked here.

- Formulation

1.4

Three methods:
@ Direct formulation

@ Minimum total potential energy

@ Weighted residual method

All methods have differences, resulting in different errors.

Direct Formulation

The example problem is:

@ Discretized into 4 elements and 5 nodes (1D)

Idealized to only take axial displacement, and looking at a single element. One can find F' = ETAAL =

kegAL.
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1.5

L1: Introduction to FEM 1

@ Set up with the equilibrium equation
Next, the global stiffness matrix can be found. For this:

Each node has a certain displacement which can be found using the previous equations. These will be in the
form of an equilibrium equation, resulting in a system of n displacements for n nodes. Combining these into a
matrix is the global stiffness matrix, K%u = F.

Instead of applying the reaction force R, one can also apply the fact that this node will have a zero displacement.
Lastly applied loads and boundary conditions are applied.

Processing is done by simply solving the system obtained. Ensure to compare the solution to the exact analytical
solution, also keeping in mind on which side it is on (higher or lower).

Stiffness Matrix by Inspection

The previous method for forming K¢ works in general. A quicker method is by adding individual matrices for
the individual nodes. Think back to SVV structures, we did this there.
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2.1

2.2

Introduction to FEM 2

For a simple spring:

F = kAl 2.1)
F = ka'

’

A= / Fda' (2.3)
0

A= / ka'dx’ (2.4)
0
1 1
A= ikx’Q = <2kx'> x (2.5)
1
dA\ = §k$’d$’ (2.6)
kr' = F = cA = odydz (2.7)
1
dA = iadydzdx’ (2.8)
da’
dr' = edx (2.10)
dA = %adydzedx (2.11)
dA = %asdv (2.12)
dA = %Egdv (2.13)
2
A© = / ir= [ Eqv (2.14)
v 2
=AW (2.15)
I=>Y A -3 Fu, (2.16)
e=1 i=1
(2.17)

Taking the derivative with respect to u; leads to n equations and n unknowns, a system which can be solved.

Minimum Total Potential Energy

The above states the principle for MTPE. With the derivatives taken for A, one can also take derivatives for the
external work W. Then, taking the total potential energy derivatives with respect to w;, results in n equations,
which can be written as a matrix equation once again.

Weighted Residual

With a given differential equation for the e.g. displacement, one can put the approximate (e.g. Uapprox) into
the DE, and set the solution to the residual R. The approximate solution has to:

@ Satisfy initial conditions
@ Satisfy boundary conditions

@ Be continuous

With an approximate solution, solve the DE, and find the residual. The Galerkin method uses weighing functions
w,; which are orthogonal to the approximate solution. Then:

b
/ W;Rdz = 0 (2.18)
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2.3

2.4

L2: Introduction to FEM 2

fori=1,2,...

Note that the number of weighing functions is equal to the number of unknowns. This eventually leads to a
system of n equations and n unknowns. Solving the system gives expressions for the ¢; used in the approximate
solution.

This method gives the values for the constants to minimize the residual, but not for the one closest to the
analytical solution.

The weighing functions need to be equal to the shape functions for FEM.

Shape Functions

In FEM, we want to give a way that the system behaves by enforcing deflection methods. These methods are
shape functions.

Starting with assumed displacement, we have 2 nodes per element, and one DOF per node. We can then fill in
the known displacements, and we can solve for the constants in the equations. Then rewriting in terms of u,
gives us the shape functions. The number of shape functions for all nodes is equal to the degrees of freedom (2
nodes, 1DOF equals 2 shape functions).

Shape functions are always 1 at their own node, and 0 at the other. The sum of the shape functions at any
point is 1.

Connectivity Matrix

We already know that we can assemble the global stiffness matrix by adding the element stiffness matrices. The
connectivity matrix shows where to add the individual element stiffness matrices. Row n gives start and end
node of element n. This automates the process of going from element to global stiffness matrix.
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- Truss Elements

3.1

3.2

Members in truss structures do not have bending, only axial loads. When making a cut, we get internal forces
which we can determine. If bending can not be neglected, we have to use beam elements, either 1D or 2D.

Multiple types of elements exist.

@ 0D elements are points, point masses, springs, ...
@ 1D elements are wires, and truss or 1D beam elements
@ 2D elements are planes (¢t << w, h)

@ 3D elements are 3D objects
Combinations of element types within a structure are possible.

Any structural element can be represented by a truss element. In FEM, a statically determinate and indeter-
minate structure can be solved in the same way. As derived before:
EA

koq = ——

l (3.1)

Truss Element Transformations

A transformation indicates a change from one coordinate system to another. The global coordinate system is
equal for each element. Then each element also has their own local coordinate system. For a general element
at an angle 0 in the (x — y) plane:

Ujz = Ujgr COS O — ujy sin (3.2)
Ujy = Wjg SiD O + wjyr cOs O 3.3
3.4)

We can put this in matrix formulation:

UG = (Uiz, Wiy, Ujz, Ujy), ur, local.

ug = [T)ur, we can easily find [T]

Forces also need to be rotated. Same transformation matrix.

Always check extreme cases (0 and 90 degrees).

Transformation of Equilibrium

When extending the number of degrees of freedom, only add 0’s in the stiffness matrix (see video for explanation
and example).

We have a F, = [K]pup,

[T) ' Fg = [K]L[T] tug (3.5)
[T)[T]~ Fe = [T][K]L[T]  ue (3.6)
Fg = [T[K]L[T]  ug (3.7)

(Kl = [T][K]L[T]} (3.8)
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Beam and Frame Elements

4.1 Beam Theory

Truss:

@ No bending

@ Only in-plane deformation

@ No out-of-plane deformation

Beam:
@ Only bending
@ No in-plane deformation

@ Only out-of-plane deformation

The nodes have a deformation angle 6, a moment M, and a shear force V.

- Euler-Bernoulli

Coordinate system (y down):

+W

+M @ +M

+V +V

Then:

d?v

Fl— =-M 4.1
= —M() (41)

My
o= - (4.2)

d®v  dM(z)
dv  —dV(z)

We will use these for deriving equilibrium.

4.2 Beam Elements

- Shape Functions

We first need to assume a displacement. Since we have four DoF, we need four constants in the displacement
function.
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L4: Beam and Frame Elements

v =cC + cox + C3£E2 + C4$3

We can say that node i lies at the origin, and the beam has a length [. Then:

Then:

l‘i:l

upp =v(x=0)=c
dv

Ui2=%($: ) =c2

ujnp =v(@=10)=c +cl+ esl® 4 eyl?
dv

%(1' = l) =cg+ 2631 + 30412

Uj2 =

We have four equations and four unknowns, which can be solved. We get:

C1 = U1
Co = U2
U4l Uj1 Uj1 Uj2
=34 979t L gt 2
12 2 12 l
Uq1 Uq2 Uj1 Uj2
04—213 tE i E Tt

For the shape function, we need the displacement function as a function of the degrees of freedom:

- Stiffness Matrix

The strain of an element is given as:

Then:

v = Nyu;1 + Naugz + Naujp + Nyujo
13 — 3122 4 223

N, = B
Ny = 2r — 2;21 + a3
Ns— 3x2llg 223
du d*v
“Td Va2

2
A©) = ETEdV

E
Ale) — 274
/ dm2 / de / d

(©) d*v
n ?/ (dx2) de

Us
dzv_ d? [N N. N N] ul;
do? — dzz U7 Ty,

Uj2

(4.16)

(4.17)
(4.18)
(4.19)

(4.20)

(4.21)

(4.22)
(4.23)

(4.24)

(4.25)

Linear Modeling Lecture Notes (Y1Q1) 8

Thomas van Haarst



L4: Beam and Frame Elements

Then, define:
[B]=[Bi B, Bs Bi
—6 122
Br=(g+ )
-4 6z
By (T Tz)
6 122
By =3 = 35)
6r 2
By (TQ 7)
Such that:
d%v
@_[BHU]
Then:
(L0)2 — B B
d;L’2 = (U u
OA© S
= /0 1B]7 [Bldzu

The final solution is:

12 6/ —-12 6l

Uil
(e) 61 4> —61 2% ‘
% = % 12 -6l 12 —6l| |
" 12 -6l 12 —6l| |
6/ 202 —6l 42| L%
12 6l —12 6l ]
6/ 4> —61 2%
EI
[K]®) = - |12 -6l 12 6l
—-12 -6 12 -6l
6l 20 —61 4I*
2.3 Equilibrium
Assuming a constant distributed load w along the beam. Then:
l
W, :/ wudx
0

To get the force:

(4.26)

(4.27)
(4.28)
(4.29)

(4.30)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)
(4.38)

(4.39)

(4.40)
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L4: Beam and Frame Elements

ow, wl
Fp=F—=-2"p__ W 4.41
! (9’(11‘1 2 ( )
ow, wi?
Fop= M, =% _ %" 4.42
? 8ui2 12 ( )
ow, wl
Fi=F =—-"?__ 4.43
Jl J 8uj1 2 ( )
ow, wl?
Fjp = Mj = — dup - 12 (4.44)
(4.45)
And thus:
wl
_ul?
Fl=| & (4.46)
wi?
12
From that, the equilibrium condition is:
(K] [u] = [F] (4.47)
126 —12 67 wl
pr| 6 4 -6l 2| 0 o
= |-12 -6l 12 6l 2=k (4.48)
12 -6 12 —6l| |t 3
6l 22 —6l 42| L2 Tz

4.3 Frame Elements

Frame elements are elements which can both bend and axially deform.

@ Bending

@ In-plane deformation

@ Transverse deformation
Note: in most FEM software, a Beam matches this definition.
Each node has 3 DoF, and we have forces in x and y directions, and a moment.

Since we have 3 x 2 DoF in one element, we might need 6 constants in the shape function. However, the
deformations are decoupled. As a result, we can superpose the two elements.

- Stiffness Matrix

For the beam:
12 6l —-12 6l
2 2
EI 6l 4] 6l 2l
[K]beam = e —-12 -6l 12 -6l (4.49)
-12 -6l 12 -6l
6l 2012 —61 412

We need to extend this to a 6 x 6 matrix. We have:

w] = | (4.50)

Linear Modeling Lecture Notes (Y1Q1) 10 Thomas van Haarst



L4: Beam and Frame Elements

Then:
(0 0 0 0 0 0
0 12 6/ 0 —12 6l
EI 0 6/ 4% 0 —61 22
(K peam = el 0 O 0 0 O 0 (4.51)
0 —-12 -6/ 0 12 -6l
0 —-12 -6/ 0 12 -6l
10 6l 20 0 —61 42
For a truss:
1 0 -1 0
EA|10 0 0 O
[K]truss - l -1 0 1 0 (452)
0O 0 0 O
Then:
1 0 0 -1 0 O
0 00 0 0O
EA|10 00 0O 0O
[K]truss - T -1 0 0 1 0 0 (453)
0O 00 O 0O
0O 00 0 0O
With the two 2 x 2 matrices defined, we can superpose the two to get the final stiffness matrix:
EA EI
[K]frame = T[K]truss + F[K]beam (454)
- Transformation Matrix
We have for a truss:
cos) —sinf 0 0
sinf  cos6 0 0
7] = 0 0 cosf —sinf (4.55)
0 0 sinf  cos6
Extending this to also add the 6 displacements in [u]:
cos§ —sinf 0 O 0 0
sinf cosf 0O 0 0 0
0 0 1 0 0 0
7] = 0 0 0 cosf —sinf 0 (4.56)
0 0 0 sinf cosf O
0 0 0 0 0 1
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- Higher Order Elements

5.1

Higher Order Elements

Assuming a certain displacement function, a linear element might not match all too well. We can solve this by
either adding more elements, or moving to higher order elements.

- Quadratic Elements

5.2

5.3

The assumed displacement has to be of the form:
ul® = ¢; + cox + c32? (5.1)

As we only have 2 DoF, we need another internal node in the element to find all constants, giving us an extra
DoF. We match the displacement at this node. The extra node does not mean splitting the element in two: we
still have one element. We have three known displacements: wu;, uj, ur. We can then assume the origin is at
node ¢, and the element has length [. Then, node j is at {/2 and node k is at [. Substituting and solving for ¢;
gives:

Us
¢= | 1(=3u; + 4u; — uy) (5.2)
RO -+ )
We now want to find the shape functions:
u'® = Nyu; + Njuj + Nypuy, (5.3)

Solving:

# (@ — ) (x — xp)
[N] = | F (& — zi)(z — xp) (5.4)
13(3: —z;)(z —xj)

Changing the order of the element changes the way the element behaves.
The internal nodes do not affect the mesh of the structure.

Note that a higher order element is not always a better option than using multiple linear elements. To find out
which option is better, one needs to perform a convergence study.

Lagrange Interpolations Functions

Lagrange interpolation functions are a shortcut to find the shape functions. Before, we start with the polynomial,
and found the constants. Then, the shape functions were found using the displacements. In general, we get the
equation:

(x — xp,) omitting (z — x;)

N, =1"_, (5.5)

(x; — xy,) omitting (x; — ;)

Natural Coordinates

Natural coordinates are the third coordinate system used in FEM. The system is defined by the £ and 7
coordinates. The origin coincides with the middle of the element. Node ¢ is at £ = —1, and node j is at £ = 1.
We see (local < natural):

E=—-1 (5.6)

= (5.7)

Then:
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5.4

L5: Higher Order Elements

And:

Nq;:l—g;
o1 6+
2
szl(l_g)
Nj:xT

1

Ny - 4D
Ny = (1+8)

(5.10)

(5.11)
(5.12)

(5.13)

The advantage is that the natural coordinates are independent of the element length. Another advantage is

that we can still use Lagrange interpolation.

Isoparametric Elements

Finding a local coordinate system is not useful in isoparametric elements. We can reshape such an element to

a square element in natural coordinates.

Mainly used for higher dimensionality elements.

Linear Modeling Lecture Notes (Y1Q1)
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- Triangular Elements

6.1 Triangular Membrane Elements

For a triangular membrane element, we use the standard x — y-coordinate system. A membrane element means
there is only in-plane deformation. We thus have displacements in a-direction (u or u,) and in y-direction (v

OF Uy).

- Shape Functions

We need to assume a displacement function for x and y. We use a linear displacement function. We also assume

no relation between x and y. Resulting is:

uw® =c¢; + X 4+ e3Y
u'® =y +esX + Y

(6.1)
(6.2)

Filling in the known points ¢, j, k, results in 6 equations with the 6 ¢; and the displacements unknown. The
displacements in x and y directions are found very similarly, and thus in the following only z is considered.

Solving for the constants:

1
1
c2 = 57 (Y5 = Yi)ui + (Y = Vi) uy + (Yi = Yj) ug] (6.4)
1
CgZﬂ[(Xk—Xj)ui-i-(Xi—Xk)Uj-‘r(Xj—Xi)uk] (6.5)
1
WithA:§[Xi Y, —Ye)+ X; (Ve = Y5) + X5 (Vs = Y))] (6.6)
Rewriting to find the shape functions:
w;
’U,(e) = [Nz Nj Nk] Uj (67)
U
We can find that:
N= [; + i X 4+ 6,Y] (6.8)
T 2A a’L K3 1 .
1
Nj = o7 loj + 5;X +6;Y] (6.9)
1
Ny, = ﬂ [Oék + B X + 5kY] (610)
These are quite identical for y. We thus get:
Uix
Uiy
ul |[N; 0 N;j 0 N 0] |Uj
M = [o N0 N, 0 N |Uj, (6.11)
Ukz
Uy

- Stiffness Matrix

We assume:

@ In-plane only

@ Plane stress

14
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L6: Triangular Elements

We use the strain energy, which defines the stiffness matrix, and thus needs to be minimized. We have:

1
A(E) = 5 A (Jzzﬁmc + OyyCyy + Tmy%cy) av

We can write the strain vector as:

ou
Exx 735
el = |eyy | = 5 dy 5
Yoy on T o5
The stress vector:
[o] = [D][€]
Here, [D] is for an isotropic material:
1 v 0
E
[D] = e 1 0
Yoo 1-v))2
We can then find:
1
20 =3 [ oy
2 v

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

We need to find an expression that relates the strain and the displacement as a matrix. We get:

le] = [BI[U]
with:
1 Bi 0 B 0 Br O
Bl=— 10 & 0 & 0 &
o Bi 05 B o Bk

We can then get:

And then:

- Force Vector

(6.17)

(6.18)

(6.19)

(6.20)

Using the principle of minimum total potential energy, we have to take the partial derivatives of the work done

to obtain the force vector. Considering point loads:
Wi = / [U)7[P)dA
A

Then:

For a distributed load:

Then:

We can then form the equilibrium equation quite easily.

(6.21)

(6.22)

(6.23)

(6.24)
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6.2

L6: Triangular Elements

Triangular Bending Element

Assumptions:

@ Thickness is small compared to the other dimensions
@ Deflections are small
@ Mid-plane does not go deformation (pure bending)

@ No transverse shear deformation

We have:

ou 8%w

xx = — = — — .2

€ o z 902 (6.25)
Ov 0w
ou  Ov

oy = — = il 2

Cay Jy + oz Z&vay (6.27)

- Shape Functions

We have out of plane displacements for each of the three nodes, and the bending in = and y directions. We thus
get 9 DoF. We assume the following displacement functions (based on Pascal’s triangle):

w(z,y) = 1 + cax + 3y + caxy + s + coy® + ¢7 (ny + ny) + cgz® + coy? (6.28)

Assuming the origin is at i:

w; = C; (629)
ow;

al; = ¢ (6.30)
dw;

5; =cs (6.31)

Doing this for the other nodes as well gives all constants. Next, we need to find the shape functions by rewriting.
Then, we use the strain energy to find the stiffness matrix, after which we can formulate the strain-displacement
matrix [B] as:

0 0 6x 2y 0

0 2 0 2z 6y (6.32)
2 0 0 4(x+4+y) O

the stiffness matrix.

dT oo N

[D] is given by the same equation. We can then ge
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- Rectangular Elements

7.1

7.2

We still use the thin plate theory as for the previous lecture.

Shape Functions in Cartesian Coordinates

We have to start with the displacement function. We have 2 displacements at each of the four nodes. Again,
we find that the shape functions are identical for v and v. For u:

uw'® =c; + X +e3Y +eu XY (7.1)

Filling in the known displacements at the nodes, we can find the constants as:

€1 =U; (7.2)
1

Ccy = 7 (uj —uy;) (7.3)
1

I 4

c3 ” (Up, — u;) (7.4)
1

C4:m(ui—uj+um—un) (7.5)

Then, the shape functions can be found as:

M=) (- Y) =z
v (-2 o
N =72 (7.8)
n-4(-3) g

Shape Functions in Natural Coordinates

We switch to natural coordinates as elements are not always perfect rectangles. See Lecture 5 for the definition.

For the following, we assume a rectangle, but methodology is the same for irregular shapes. We have:

= 2796 1 (7.10)
)= %y 1 (7.11)
x = %(5 +1) (7.12)
Y= %(nﬂ) (7.13)
Then, plugging them in into the shape functions:
Ni= (-6 -1) (7.14)
Ny = (1461 -n) (7.15)
N, = %(Hg)(un) (7.16)
No= 31— +) (7.17)
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L7: Rectangular Elements

Isoparametric Elements

In natural coordinates, isoparametric elements are rectangles with lengths of 2. We have:

u= Z N;Ui, (7.18)

o= Nl (7.19)

Derivatives in Natural Coordinates

Just chain rule honestly:

0f _0f0x  0f oy

== — 7.20
o Ox 9§ Oy I¢ ( )
of Oofox Of 0y
of _9j9x 0oy 7.21
oy~ oz on | oyon (7.21)
(7.22)
We can put that into matrix form, and we get the Jacobian:
Jin Jio
Jl = 7.23
= (7.23)
We use it like:
fa::| -1 |:f€:|
=|J 7.24
HELN (7.24)
Stiffness Matrix
We start with the strain energy. From the triangular element derivation:
1 1
A@ =L / [T [DI[dV = ¢, / (7 [D][ddA (7.25)
2 )y 2 Ja
We have again three parts of the strain vector, equal to the equations in triangular elements. We get:
1 Ju Ju
Tr — 7., 7+ as - 2
= et J (J” o€ J”an> (7.26)
and so forth. We can get the matrix expression:
du
1 Jag  —Ji2 0 0 %
_ - o on
[6] = detJ 0 J21 J11 v (727)
—Jar Ju Je —Jia] |G
on
The partial derivatives can easily be found from the shape functions. Combining everything:
le] = [A][M][U] = [B][U] (7.28)
Then:
1
A© = St [ (U] BI7 (DB (7.29)
A
Using the natural coordinates for the integral results in:
1,1
(K] = ¢, / / [B]T[D][B] det Jd&dn (7.30)
-1J-1
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L7: Rectangular Elements

7.6 (Gauss Quadrature

A method to numerically perform an integral. Honestly doesn’t really matter, just some background info as
this is what FEM uses in the background as well.
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